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▲ ✼❀❺✜✿●✿❢✶✸➣✩✼✔➣✩✼❀✿✒✖➟❹❊■▼❇✣➣✾✷✺➣✩✼❀➣➸✷✺❇ ✶✸✿❖❹❊■➤❑▼✿❊✶✾✷✺❇✣✹✫✼✸❺✣✿●✘❳✚✣◆✺◆☎■▼➣✸❹❖✷✺◆✽◆➩❉●✼❀✷➐❇✣✹✡✷✽❇☎✼✸✿❊✶✾❇❢❉✻◆✘➣✩✼✦❉➾✼❀✿
x
■✙✘✣✼❀❺✣✿❛✷✽❇✣➣✾✼❀✶✭✚✣→③✿❊❇✒✼
✘ ✶✸■✻→ ✼❀❺✣✿❩❨☎❇✣■
✳
◆✺✿❖❁✣✹▼✿✫■✙✘
y
✦
❉✻➣✾➣✜✚✣→③✷✺❇✣✹ ✼❀❺✣✿✫❹❖■▼❇☎✼✸✶✸■▼◆
G
✷✺➣✳◆✺■✘❹❊❉✻◆✺◆❬✔➀❹❖■▼❇✣➣✩✼✦❉✻❇✒✼
✪
➓➔❺✣✷✺➣✳✷✺➣❛❉✻❹✦❺✣✷✺✿❞❑▼✿❊❁
✢❭✔✥✢✲✚✣✷✺◆✽❁✣✷✽❇✣✹➀❉➟➣✸■➾❋➇❹⑥❉➾◆✺◆✺✿❖❁■❙✏➣✾✼❀❉➾✼❀✿ ■✧✢✣➣✾✿❊✶✾❑✻✿❊✶❯❚⑩✷✺❇➁❹❖■▼❇☎✼✸✶✸■▼◆✚➣✭✔✘➣✾✼✸✿❊→③➣✝✼❀❺✣✿❖■▼✶✭✔❪✤❴❫
✦❛❵✩★✫❜
❑✫❲
❾
▲➁✼❀❺✜✿ ➣✸✿❖❹❊■▼❇✣❁❳■▼❇✜✿ ❹❊■▼❇✜➣✸✷✺➣✩✼❀➣❏✷✺❇➋❹❖■▼→❀✖✲✚✜✼✸✷✺❇✣✹➟✼❀❺✜✿ ❉✻❹❊❹❖✿❊➣✾➣✸✷✾✢✜◆✺✿❝✖❢❉✻✶✸❉✻→❼✿❞✼❀✿❖✶✸➣
G
✘ ✶✸■▼→➜✼✸❺✣✷✺➣✝■✙✢✣➣✸✿❖✶✾❑▼✿❊❁
➣✾✼❀❉➾✼❀✿
✪
➓➔❺✣✷✽➣✝❹❊■✧✚✣◆✽❁✹✢❪✿ ❉➾❹❬❺✣✷✽✿❖❑▼✿❖❁◆✚✣➣✸✷✽❇✣✹③❉✻❁❢❉✙✖☞✼❀✷✽❑▼✿❞✿❢◆➐✼❀✿❊✶✾✷✺❇✣✹➝✼✸✿❊❹✦❺✣❇✣✷✯✽✕✚✣✿❊➣❅✤✻❡
✦❛❢✩★❣✪
➓➔❺✣✷✺➣❤✖❢❉✱✖❪✿❊✶✌❉✻❁✣❁✣✶✾✿❊➣✸➣✾✿❊➣✌✼❀❺✣✿●✿❢✶✾➣✾✼✴✖✣✶✸■✧✢✜◆✺✿❊→
❑✐❲
Ý
▲ ■✙✘♣✿❖◆➩❉✙✢❪■✻✶❀❉➾✼✸✷✺❇✣✹✡❉✫➣✾✼❀❉➾✼❀✿❛■✧✢✣➣✾✿❊✶✩❑▼✿❊✶❤✘ ■▼✶➸❉✫➣✸✷✽→■✖✣◆✽✷✮✿❢✿❖❁
✢✣✶✸❉✻➣✸➣❾✷✺❇✣➣✩✼❀✶✜✚✜→❼✿❖❇☎✼❾→③■✘❁✣✿❊◆
✦
❉➾➣✸➣✜✚✣→③✷✽❇✣✹➔✼❀❺❢❉●✼❾✼✸❺✣✿✢■✧✚✜✼✣✖✵✚✜✼
y
✷✺➣✚✼❀❺✜✿❄✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿❛❉➾✼✯✼❀❺✜✿ ✿❖❇✣❁ ■✙✘ ✼❀❺✜✿❄✖✜✷✾✖❪✿
✪
➓➔❺✣✿
■✧✢✣➣✾✿❊✶✩❑▼✿❊✶ ✷✺➣ ✿❖◆➩❉✙✢❪■▼✶✸❉➾✼❀✿❖❁✷✘ ✶✸■▼→ ✼❀❺✣✿❼❇✣■✻❇✣◆✺✷✽❇✣✿⑥❉✻✶ ❇✣✿✂✚✜✼✸✶❀❉✻◆✢➣✾✼✦❉➾✼✸✿❼➣✜✖❢❉➾❹❊✿➡✶✾✿✂✖✣✶✾✿❊➣✸✿❖❇☎✼❀❉➾✼❀✷✽■▼❇➆❉✻➣✸➣✾■✘❹❊✷➩❉●✼❀✿❊❁➢✼❀■
✼❀❺✜✿❸■▲❑▼✿❊✶✸❉✻◆✽◆✝➣✭✔✘➣✾✼✸✿❊→
✦
✚✣➣✸✷✽❇✣✹❦❥❧✔✒❉✱✖✲✚✣❇✣■➤❑ ✼✸✿❊❹✦❺✣❇✣✷✯✽❘✚✜✿❊➣
✪♥♠
✼❀❺✜✿❊✶➡❉✙✖✵✖✣✶✸■✒❉➾❹❬❺✜✿❊➣✏✢❢❉➾➣✸✿❊❁✧■▼❇✧✿
✪
✹
✪
➣✸◆✽✷✺❁✣✷✽❇✣✹
→③■✘❁✣✿❊➣✝❹❊❉✻❇♦✢❪✿☞✘ ■✧✚✣❇✣❁➋✷✽❇ ✤
Ý▼♣✱★✫✪
➓➔❺✣✿⑦➣✾✼❀✶✭✚✣❹❖✼✜✚✣✶✸✿⑦■✙✘⑩✼❀❺✣✿q✖❢❉✙✖❪✿❖✶➁✷✽➣➁❉✻➣✸✘ ■✻◆✺◆✽■
✳
➣r❱➆➣✸✿❊❹❞✼❀✷✽■▼❇
✰✜✰
✷✺❇✒✼❀✶✸■✘❁✲✚✜❹❊✿❖➣➋❉➑➣✾✷✺→❀✖✣◆✺✷❬✿❢✿❊❁s✖✣❺✕✔✘➣✾✷✺❹⑥❉➾◆
❁✣✿❖➣✸❹❊✶✾✷✾✖✜✼✸✷✺■▼❇➢■✱✘✳✼❀❺✣✿③✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼
✪✏t
✿❖❹❖✼❀✷✽■▼❇
✰✜✰✭✰
✖✣✶✸■✙✖❪■▼➣✸✿❖➣ ❉➁➣✾✼✦❉●✼❀✿❬❋✭➣✜✖❢❉➾❹❊✿③✶✸✿✂✖✜✶✸✿❊➣✾✿❊❇✒✼✦❉➾✼✸✷✺■▼❇ ■✱✘❛✼✸❺✣✿③✷✺❇✘❋
✺
➣✾✼✸✶✜✚✣→③✿❊❇✒✼✳❁✣✿❖❁✲✚✣❹❊✿❖❁✏✘ ✶✸■✻→✟✼❀❺✣✿❏→③■✘❁✣✿❊◆❢■✱✘✚➣✾✿❊❹❖✼✸✷✺■▼❇
✰✭✰☎✪ t
✿❖❹❖✼✸✷✺■▼❇
✰
❏ ✷✺➣✢❁✣✿❖❁✣✷✺❹❊❉➾✼❀✿❖❁③✼❀■⑩✼❀❺✣✿❏✿❖◆➩❉✙✢❪■▼✶✸❉➾✼❀✷✽■▼❇➟■✙✘
✼❀❺✜✿✡➣✩✼✦❉➾✼✸✿❏■✧✢✣➣✾✿❊✶✾❑▼✿❖✶
✪❄t
✿❊❹❞✼❀✷✽■▼❇❀❏ ✖✜✶✸✿❊➣✾✿❊❇✒✼❀➣❛➣✾■▼→❼✿✝➣✸✷✽→✛✚✣◆➩❉●✼❀✷➐■▼❇➀✶✾✿❊➣✭✚✣◆✽✼✸➣
✪
❻❛■▼❇✣❹❖◆✾✚✣➣✾✷✺■▼❇❼❉✻❇✣❁■✖❪✿❖✶✸➣✭✖❪✿❊❹❖✼✸✷✽❑▼✿❖➣
✳
✷✺◆✽◆ ✢❪✿✓✖✣✶✸✿❖➣✸✿❊❇✒✼❀✿❖❁❳✷✺❇➁➣✸✿❖❹❖✼✸✷✺■▼❇✹❏
✰☎✪
   ✂✁ ☛✂✁☎✄ ✎❈✞✡ ✝✆✑✆✟ ✒✠✓✄ ✠✟✞ ✆✡✠✂✁♥ ☎✄☛✄ ✆❈✞☞✌✂☞✌✁✬✄✝✆✎✍❅✄✍☛✏✆☎✠✂✑✒✄   ✎✡✍✔✓✕✁☎✖❞✌✗✍ ✆✟ ✒✠☞✄✘✄
❻❛■▼❇✣➣✸✷✽❁✣✿❊✶❏❉➟➣✸✷✽→■✖✣◆✽✷✮✿❢✿❖❁➁✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼
✦
■✱✘➄✼❀❺✜✿✓✢✣✶❀❉✻➣✾➣❏✷✽❇✣➣✾✼✸✶✜✚✣→③✿❊❇✒✼➔✼❉✔❘✖❪✿
✦
❹❊■▼→❀✖❪■▼➣✾✿❊❁➋■✙✘
❑
➣✸✿❖✿✚✙➸✷✺✹
✪✽Ý
▲
✦
•
❨ ✉●❨✻t ✉✻❯
✦
✼❀❺✜✿✝❉✙✖❪✿❖✶✾✼✣✚✜✶✸✿➔■✙✘
✳
❺✜✷✺❹✦❺➀✷✺➣➸→③■✘❁✲✚✣◆➩❉●✼❀✿❊❁✡✢✕✔➝❉ ➣✸✷✺❇✜✹▼◆✺✿ ➣✸■▼◆✽✷✺❁ ❹❬❺❢❉➾✶❀❉✻❹❞✼❀✿❖✶✸✷✜✛❖✿❊❁✝✢❭✔➝✷➐✼❀➣✌→❼❉✻➣✾➣
✦
➣✾✼✸✷✯❖❝❇✣✿❖➣✸➣✡❉➾❇✣❁➋❁❢❉✻→❀✖✣✷✺❇✜✹
✦
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❨☎✢⑥❯❞❡
✳
❺✣✷✺❹✦❺❸❉✙✖✲✖✜◆✺✷✺✿❖➣✝❉✛✘ ■▼✶✸❹❖✿⑩■▼❇➁✼✸❺✣✿ ❑➾❉✻◆➐❑▼✿
✦
•
❨✻❙⑦❨✘❫✦❦●♦☎❱❞❡♠◗✇❫
➎
◗
➎
❯ ✼❀❺✣✿ ❑✘✷✾✢✣✶✸❉➾✼❀✷✽■▼❇✣➣✴■✙✘
✳
❺✣✷✺❹✦❺❸❉✻✶✸✿ ➣✸✿❞✼✡✷✺❇➁→③■✻✼✸✷✺■✻❇✥✢✕✔➠✼✸❺✣✿✤✣✾✿❖✼
✪
✥✢❉✻❹✦❺❸❹❊■✻→■✖❪■✻❇✣✿❊❇✒✼❏✷✺➣➔→③■✘❁✣✿❖◆✺✿❊❁➋❉➾➣✝❁✣✿❖✼❀❉✻✷✺◆✽✿❊❁✥✢❝✿❖◆✺■
✳
✪
❷❸■▼✶✸✿❖■▲❑▼✿❖✶
✦
✼❀❺✜✿ ❉✙✢✣➣✸■✻◆✾✚✜✼✸✿ ✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿✳✷✺➣✯❁✜✿❊❇✣■✻✼✸✿❊❁❅✢❭✔✗✼❀❺✣✿✢❹❊❉✙✖✣✷➐✼✦❉✻◆✻◆✺✿❞✼✸✼❀✿❖✶
P
❉✻❇✜❁⑩✼❀❺✣✿✢✶✸✿❖◆➩❉●✼❀✷✽❑▼✿✴✖✣✶✾✿❊➣✸➣✭✚✣✶✸✿
✢✕✔
p = P−Patm
✳
❺✣✿❖✶✸✿
Patm
✷✺➣✚✼❀❺✣✿ ❉➾✼❀→③■▼➣✭✖✣❺✣✿❖✶✸✷✺❹✶✖✣✶✾✿❊➣✸➣✭✚✣✶✸✿
✪✴✰
❇ ✼✸❺✣✿ →③■✧✚✜✼✸❺
✦
✼❀❺✣✿
❑
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Fside = (Aside sin θ) (pm − p0), ❑
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Fbot
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pjet
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ξ > 0, Fbot = Abot pjet, ❑
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Fbot
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ξ ≤ 0, Fbot = −mκmξ¨ − aκaξ˙ − kκk(ξ − ξe). ❑
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(κm, κa, κk) = (1, 4, 3)
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❑ ξ = ξe
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pm = pjet = p0 = 0
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 ∂z

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
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τ = 2L/c, ❑
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λ = (ZL − Zc)/(ZL + Zc) ∈ (−1, 1). ❑
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✦
✼❀❺✜✿◆✚✣➣✜✚❢❉➾◆✡❹❖■▼✶✸✶✾✿❊❹❞✼❀✷✺■✻❇✧■✱✘✗✼❀❺✜✿◆✖✣✷✾✖❪✿➋◆✺✿❖❇✣✹✻✼❀❺ ❁✲✚✜✿❸✼✸■ ✼✸❺✣✿❸✷✺→❼❉✻✹▼✷➐❇❢❉✻✶❯✔ ✖✣❉✻✶✾✼❼■✙✘✫✼❀❺✣✿❸✶❀❉➾❁✣✷➩❉●✼❀✷✽■▼❇
✷✽→■✖❪✿❖❁❢❉✻❇✣❹❖✿ ❹⑥❉✻❇✗✢❪✿➝✷✺❇✣❹❖◆✾✚✣❁✜✿❊❁❘✷✽❇❳✼❀❺✜✿➝◆✺✿❖❇✣✹✻✼✸❺
L ❑
➣✸✷✽→■✖✜◆✺✷❬✿❢✿❊❁❳❹❊❉✻➣✸✿➝■✙✘ ❉➡❹❖■▼❇✣➣✾✼❀❉✻❇✒✼ ◆✺✿❖❇✣✹✻✼❀❺❳❹❊■▼✶✏❋
✶✸✿❖❹❖✼✸✷✺■▼❇ ▲
✪
❷❸■✻✶✸✿❊■➤❑▼✿❊✶
✦
✼❀❺✣✿✫✶✸❉✻❁✣✷✺❉➾✼❀✿❖❁➡✿❖❇✣✿❊✶✾✹✙✔
✳
❺✣✷✺❹✦❺➠✷✽➣✳◆✺■▼➣✩✼✬✢❭✔➡❉✻❇➡■✧✖❪✿❖❇✸✖✣✷✾✖❪✿✡✷✺❇✒❑▼■▼◆➐❑▼✿❊➣❛❉ ➣✸→❼❉✻◆✺◆
✶✸✿❊❉✻◆●✖❪■▼➣✾✷✽✼❀✷➐❑▼✿❼✷✺→❀✖❪✿❊❁❢❉✻❇✜❹❊✿✏✖❢❉➾✶✾✼
✪
↔❏✿❊✶✾✿
✦
ZL ≪ Zc ❑
➣✸■❳✼❀❺❢❉➾✼
λ < 0
▲ →③■✘❁✣✿❊◆✽➣ ❉◆✘ ✶✸✿✂✽✕✚✣✿❖❇✣❹✒✔✒❋
✷✽❇✣❁✣✿✂✖❪✿❖❇✣❁✣✿❖❇☎✼❏❑▼✿❊✶✾➣✸✷✽■▼❇➋■✙✘➸➣✭✚✣❹✦❺❘❉✍✖✣❺✣✿❖❇✣■▼→③✿❊❇✣■✻❇
✪
 ✂✁☎✄✝✆ ✄✟✞✡✠☞☛✍✌✏✎✡☛✂☛✍✠☞✑✒✁✔✓✕✆✖✠✗✌✘✆☎✙✚✑✒✛☞✛☞✑✜✓✢☛✤✣✥✄✦✆ ✄✧✁★✑✩✄ ✞✪✄✦✠✫✑✒✁
p±(t)
✓✕✠✗✛☞✛✭✬ ✄✧✎✖☛ ✄✜✞ ✠☞✞✪✄✦✆ ✄✝✠✮✄✦✆ ✞✩✁
p±0 (t) ✯
     ✂✁ ✄ ✆ ✍ ✆ ✁✱✰ ✄ ✆ ✍❅✎☎✁♥✞✔✁ ✆✟✞✔✁☎✄ ✁ ✄✝✆ ✍ ✆❈ ✒✠☞✄
✍❀✁ ☛✂✮✦✲ ✔✧★ ✞✩★ ✍✏✔✧✦ ✍✜✳ ✔ ✮ ✠ ✞✒✆✰★✫✪ ✦✒✓ ✦ ✞ ✮ ✎ ✦✝✴✫✦ ✞ ★ ✞ ✮✜✴ ★ ✔☛✄ ✠ ✞✝✴ ✍✏✠☛✞✒✄ ✠☛✞✝✴ ★✕✔ ✖ ✆ ✮ ✖ ✠✧✤ ✮✝✖ ✄ ★ ✆ ★✕✎ ✮✑✞ ✮ ✆ ✦
❅ ❇✣✿✂✚☞✼❀✶❀❉➾◆✯➣✭✔✘➣✾✼✸✿❊→ ✤
ÝP❢ ✦☛❾✱♣✱★
✷✺➣✝❉➟❁✣✿❊◆✺❉P✔➠❁✣✷✮❖❄✿❖✶✸✿❖❇☎✼❀✷✺❉✻◆❄➣✭✔✘➣✩✼❀✿❊→
✳
✷✽✼✸❺➁✼✸❺✣✿⑩✹▼✿❊❇✜✿❊✶❀❉➾◆✯✿ ❊ ✖✣✶✸✿❖➣✸➣✸✷✽■▼❇
x˙(t) = f
(
x(t), x(t− τ), x˙(t− τ), w(t)
)
❑
ÝP❢
▲
y(t) = g
(
x(t), x(t− τ), x˙(t− τ), w(t)
)
❑
❾✙♣
▲
❵
✳❺✣✿❖✶✸✿ ✼✸❺✣✿ ✘❳✚✣❇✣❹❞✼❀✷✽■▼❇
f
✷✺➣❾✶✾✿❊➣✭✖❪■▼❇✣➣✸✷✯✢✣◆✺✿✶✘ ■▼✶✯✼✸❺✣✿ ❁✵✔✘❇❢❉➾→❼✷✽❹❊➣❾■✙✘☞✼❀❺✜✿ ➣✭✔✘➣✾✼✸✿❊→ ❉✻❇✣❁
g
❁✣✿✒✿❢❇✜✿❊➣ ✼❀❺✣✿ →③✿⑥❉➾➣✜✚✣✶✾✿❊❁
✽✕✚❢❉✻❇✒✼❀✷✽✼❇✔
✪
❅✫➣⑩❁✣✿❞✼✦❉✻✷✽◆✺✿❖❁❪✢❪✿❊◆✽■
✳
✦
✼❀❺✣✿➀→③■✘❁✣✿❖◆✴✖✣✶✸✿❖➣✸✿❊❇✒✼❀✿❖❁❂✷✺❇⑦➣✾✿❊❹❞✼❀✷✺■✻❇
✰✭✰
❹⑥❉✻❇✷✢❪✿➀✶✾✿✂✖✣✶✾✿❊➣✸✿❖❇☎✼✸✿❊❁ ✢✕✔✐➣✭✚✣❹✦❺
❉➠➣✭✔✘➣✾✼❀✿❖→
✦
✳
❺✣✿❊✶✾✿➟✼❀❺✣✿➟➣✩✼✦❉➾✼✸✿
x = [x1, x2, x3]
T ✦
✼❀❺✣✿➟✷✽❇✲✖✲✚✜✼
w = [w1, w2]
T ✦
❉✻❇✜❁✐✼❀❺✣✿➟■✙✚✜✼✣✖✲✚☞✼
y
❉✻✶✸✿
❁✣✿ ✿❢❇✣✿❊❁◆✢✕✔
x(t) = [ξ(t)− ξe, ξ˙(t), p
+(t)]T , ❑
❾☞Ý
▲
w(t) = [pm(t), p˙m(t)]
T , ❑
❾☞❾
▲
y(t) = (1 + λ) p+(t− τ/2). ❑
❾
✺❭▲
❍✡■➾✼❀✿③✼❀❺✣❉➾✼
y(t) = p(L, t)
✷✺➣⑩✼❀❺✜✿✏✖✣✶✾✿❊➣✾➣✜✚✣✶✸✿➡→❼✿❊❉✻➣✜✚✣✶✾✿❊❁➆❉➾✼ ✼✸❺✣✿❼■✧✚✜✼✣✖✵✚✜✼ ■✙✘✴✼✸❺✣✿■✖✣✷✾✖❪✿ ❉➾❇✣❁ ✼❀❺❢❉●✼ ✼❀❺✜✿
✼❀✷✽→❼✿➀❁✣✿❖✶✸✷✽❑●❉➾✼❀✷➐❑▼✿
p˙m
■✙✘✴✼❀❺✣✿❼→❼■✧✚☞✼❀❺ ✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿
✳
✷✽◆✺◆✶✢❪✿➡❇✣✿❊❹❖✿❊➣✾➣❀❉✻✶✭✔
✳
❺✣✿❖❇➑✿❊➣✩✼✦❉✙✢✣◆✽✷✺➣✾❺✣✷✺❇✜✹➋✼❀❺✣✿❼❇✣✿✂✚✜✼✸✶❀❉✻◆
➣✾✼❀❉➾✼❀✿❬❋✭➣✭✖❢❉✻❹❊✿⑩✶✸✿✂✖✜✶✸✿❊➣✾✿❊❇✒✼✦❉➾✼✸✷✺■▼❇
❑
➣✾✿❊✿ ➣✾✿❊❹❖✼✸✷✺■✻❇
✰✭✰✭✰
❻ ▲
✪
✰
❇➁✼✸❺✣✷✺➣ ✖❢❉✙✖❪✿❖✶
✦
✼❀❺✣✿ ✷✺❇✣➣✩✼❀✶✭✚✣→❼✿❖❇☎✼➔✷✽➣➔❹❖■▼❇✣➣✸✷✽❁✣✿❖✶✸✿❊❁➁✼✸■✝✢❪✿⑩❉➾✼✝✶✾✿❊➣✩✼❈✢❪✿✒✘ ■✻✶✸✿
t = 0
➣✸■➟✼❀❺❢❉●✼
x
✦
w
✦
❉✻❇✣❁
y
❉✻✶✾✿ ✛❖✿❊✶✾■✸✘ ■▼✶
t < 0
✪
❷❸■▼✶✾✿❊■➤❑▼✿❊✶
✦
✽✕✚❢❉➾❇☎✼❀✷➐✼❀✷✽✿❊➣
ξe
✦
m
✦
a
✦
k
✦
Aside
✦
Abot
✦
θ
✦
ρ
✦
c
✦
S
✦
L
✦
ℓ
✦
λ
✦
κm
✦
κa
✦
κk
✷✺❇☎✼✸✶✸■✘❁✲✚✜❹❊✿❊❁❘✷✽❇❳➣✾✿❊❹❖✼✸✷✺■▼❇
✰✭✰
❉➾✶✸✿➝❉➾◆✺◆❾➣✜✚✵✖✲✖❪■▼➣✸✿❖❁✐✼❀■✏✢❪✿ ❹❊■✻❇✣➣✾✼✦❉➾❇☎✼
✪✑✰
✼
✳
✷✽◆✺◆ ❉✙✖✵✖❪✿⑥❉✻✶✡✼✸❺❢❉➾✼✡✼❀❺✜✿ ❇✣✿✂✚✜✼✸✶❀❉✻◆
➣✭✔✘➣✩✼❀✿❊→ ❁✣✿✒✖❪✿❊❇✣❁✣➣❏■✻❇➒✼❀❺✜✿⑩✶✾✿❊❁✲✚✜❹❊✿❖❁❸❹❊■✻❇✣➣✾✼❀❉✻❇☎✼✟✖❢❉✻✶✸❉✻→③✿❖✼❀✿❖✶✸➣
Θ = [α±, ω±, β±0 , β
±
m, λ, µ, τ ]
❁✣✿✒✿❢❇✜✿❊❁➋✷✺❇
✼✦❉✱✢✣◆✺✿
✰☎✪
➓➔❺✣✿⑩✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✜➣✝■✙✘➄✼✸❺✣✿⑩❇✣✿✂✚☞✼❀✶❀❉✻◆✚➣✭✔✘➣✾✼❀✿❖→ ✘ ■✻✶✴✼❀❺✣✿✓✢✣✶✸❉✻➣✸➣✝✷✺❇✣➣✩✼❀✶✜✚✜→❼✿❖❇☎✼❏❉✻✶✾✿⑩❁✣✿❖✶✸✷➐❑▼✿❊❁◆✢❪✿❖◆✺■
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✪
✂✡✁ ☞✌✮✏✤✁  ★✕✔✧★✪✤☞✦ ✍✜✳ ✞✂  ✮ ✪ ★ ✄✯✦
❻❛■▼→✛✢✣✷✺❇✜✷✺❇✣✹➝✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✜➣
❑
Ý
▲✳✼❀■
❑
✼
▲➔❉➾❇✣❁
❑
Ý
❫❭▲●✔✘✷✺✿❖◆✺❁✣➣✴✼❀❺✣✿☞✘ ■✻◆✺◆✽■
✳
✷✽❇✜✹➟✿✒✽❘✚✣❉➾✼❀✷✽■▼❇✣➣✂❱
✷✯✘
ξ > 0, ξ¨(t) + α+ξ˙(t) + (ω+)2(ξ(t)− ξe) =
β+0
(
p+(t) + λp+(t−τ)
)
+ β+mpm(t), ❑
❾✩✼
▲
✷✯✘
ξ ≤ 0, ξ¨(t) + α−ξ˙(t) + (ω−)2(ξ(t)− ξe) =
β−0
(
p+(t) + λp+(t−τ)
)
+ β−m pm(t), ❑
❾
❍✧▲
✳
❺✣✿❖✶✸✿➠✼❀❺✜✿➠❹❊■✘✿✒❆③❹❖✷✺✿❖❇☎✼❀➣➀❉➾✶✸✿➠✹✻✷✽❑▼✿❊❇➆✷✺❇➆➓➄❉✙✢
✪✻✰☎✪
↔❏✿❊❇✣❹❖✿
✦
✘ ✶✾■▼→
❑
❾☞Ý
▲
✦
❑
❾
✺❭▲
✦
✷➐✼✡✘ ■▼◆✽◆✽■
✳
➣ ✼❀❺✣❉➾✼
✦
✳
✶✸✷✽✼✸✷✺❇✣✹
σ =
➣✸✷✽✹▼❇
(ξ)
✦
x˙1(t) = x2(t), ❑
❾
❫❭▲
x˙2(t) = −(ω
σ)2x1(t)− α
σx2(t)
+βσ0
(
x3(t) + λx3(t−τ)
)
+ βσmw1(t). ❑
❾✙❵
▲
❡
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ξ > 0
✰
➣✸✷✽❇✣✹
❑
❍✧▲✴❉✻❇✜❁
❑
Ý▼✼
❋
Ý
❫❭▲
✦
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❑
❵
▲❛✶✾✿
✳
✶✸✷➐✼❀✿⑩❉✻➣ ✘ ■▼◆✽◆✺■
✳
➣✒❱
pm(t) =
µ
2
(
p+(t)− λp+(t− τ)
ξ(t)
)2
+ p+(t) + λp+(t− τ), ❑
❾
❡❭▲
✳
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✪✜✰☎✪
➓➔❺✣✿❊❇
✦
✳
✶✸✷➐✼❀✷✺❇✜✹
D(t) = 1 + µ
p+(t)− λp+(t− τ)(
ξ(t)
)2 , ❑ ❾✙❢ ▲
❉✻❇✣❁➋✷✽➣✸■✻◆➩❉➾✼✸✷✽❇✣✹
p˙+(t)
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❑
❾
❡❭▲●✔✘✷✺✿❖◆✺❁✣➣
p˙+(t) =
p˙m(t)−2λp˙
+(t−τ)+µ
ξ˙(t)
(
p+(t)−λp+(t−τ)
)2
ξ(t)3
D(t)
+λp˙+(t− τ).
➓➔❺✣✿❖❇
✦
✚✣➣✸✷✽❇✣✹
❑
❾
❡✧▲✳✼❀■➀➣✜✚✲✢✣➣✩✼❀✷✽✼✜✚✜✼❀✿☞✘ ■▼✶
(
p+(t)−λp+(t−τ)
ξ(t)
)2
✷✽❇➒✼❀❺✣✿ ❉✱✢❪■▲❑▼✿⑩✿✂✽✕✚❢❉➾✼✸✷✺■▼❇➁◆✺✿❊❉✻❁✣➣✴✼❀■
p˙+(t) =
p˙m(t)−2λp˙
+(t−τ)+
2ξ˙(t)
(
pm(t)−p+(t)−λp+(t−τ)
)
ξ(t)
D(t)
+λp˙+(t− τ). ❑
✺
♣
▲
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(pm, p
+, ξ)
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t = 0
q⑩❡❚❴❢❯➠❡♠❩✾❨ ✢⑥❯✦❫❞❡✏❦●❩❬➦ ❦ ✔
✑ ✏
s
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t > 0
➉✕✔✴♥❊♦✣❨✻❡♠◗✇❦●❙ ✑ ✏
s
✓❼◗✺❱ ❡❚❴❢❯❞❙ ✗❛❯✸❨●➥✒❯❞❩ ❡❚❴✜❨✻❙ ✑➇⑤✎✍ ✓➠❧❊♦✘❡ ✗✔◗❚t❚t ❧❞❯ ♦☎❱➤❯ ✔❬♦✘t
❡✭❦➡❤✘❯❞❩❞◗❚✉✻❯⑩❡❚❴❢❯➟❯✾⑧
➎
❯✦❫❞❡✭❯✸❤❼❙❄❯❞♦✘❡❣❩✾❨✻t❄❱❞❡✇❨✻❡✏❯❞❵✇❱
➎
❨✘❫✦❯⑩❩❀❯
➎
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✂☎✄✝✆✟✞✡✠☞☛✌✖ ⑨ ❦●❩ ❫❞t✺❦➤❱❞◗❚❙✘➞③t ◗
➎
❱✦q✢❡ ❴✜❨✻❡ ◗✺❱
ξ(t) → 0+
q✢❡ ❴❢❯ ❧❖❯✦❴✜❨✻✉➤◗✇❦●❩ ❦ ✔
p+
◗✺❱✗❱❞♦♣❫✦❴➁❡ ❴✜❨✻❡❚q ✔❬❩✦❦✏✎ ✑➇⑤✎✍ ✓➤q
p+(t) =
0+
λp+(t− τ) + ξ(t)
√
2
µ
(
pm(t)− 2λp+(t− τ)
)
+O
(
ξ2(t)
)
❱➤❦➀❡ ❴✜❨✻❡❚q ◗❚❙ ✑➇⑤✘➌✩✓➤q✴❯✾⑧☞❫❞t ♦✜❤✻◗❚❙✘➞❼❡❚❴❢❯➟❫✸❨●❱➤❯
pm(t) = 2λp
+(t− τ)
q
(
ξ(t)
)2
p+(t)− λp+(t− τ)
=
0+
ξ(t)√
2
µ
(
pm(t)− 2λp+(t− τ)
) +O(ξ2(t)),
❨✻❙❪❤●q✢◗❚❙ ✑ ✏
s
✓➤q
p˙+(t) =
0+
λp˙+(t− τ) +
√
2µ
(
pm(t)− 2λp+(t− τ)
)
ξ˙(t) +O
(
ξ(t)
)
.
❢
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ξ ≤ 0
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✳
✶✾✷✽✼❀✿ ❉✻➣
✘ ■▼◆✽◆✺■
✳
➣✒❱
p+(t) = λp+(t− τ), ❑
✺
Ý
▲
p˙+(t) = λp˙+(t− τ). ❑
✺
❾
▲
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✺
♣✵✦
✺
❾
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x˙3(t) =
σ+1
2

w2(t)−2λx˙3(t−τ)+
2x2(t)
(
w1(t)−x3(t)−λx3(t−τ)
)
x1(t)+ξe
1 + µx3(t)−λx3(t−τ)(
x1(t)+ξe
)2


+λx˙3(t− τ). ❑
✺✙✺❭▲
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ÝP❢
❋
❾✙♣
▲
✪
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✦
✘❳✚✜❇✣❹❖✼✸✷✺■▼❇✣➣
f
❉✻❇✜❁
g
❺❢❉⑥❑▼✿ ✼❀❺✜✿
➣✸✷✽→■✖✜◆✺✿❩✘ ■▼✶✾→✛✚✣◆➩❉●✼❀✷➐■▼❇✜➣
f
(
x(t), x(t−τ), x˙(t−τ), w(t)
)
= F
(
x(t), x3(t−τ), x˙3(t−τ), w(t)
) ✒✔✓✖✕✘✗
g
(
x(t), x(t−τ), x˙(t−τ), w(t)
)
= C x(t− τ/2) ,
✒✔✓✚✙✛✗
✜✟✢
✳❺✣✿❖✶✸✿
C
✷✺➣ ✼❀❺✜✿➠■✧✢✜➣✸✿❊✶✩❑➾❉➾✼✸✷✺■▼❇➆→❼❉➾✼❀✶✾✷✮❊
C = [0, 0, 1 + λ]
❉✻❇✣❁
F
✷✺➣ ✹▼✷✽❑▼✿❖❇❦✢✕✔
✦
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❑➾❉➾✶✸✷➩❉✱✢✣◆✺✿❖➣
(X,Y, Z,W ) ∈ R3 × R× R× R2
✦
F1(X,Y, Z,W ) = [0, 1, 0]X, ❑
✺✧❫✧▲
F2(X,Y, Z,W ) = −(ω
σ)2X1 − α
σX2 + β
σ
0X3
+λβσ0 Y + β
σ
mW1, ❑
✺
❵
▲
F3(X,Y, Z,W ) =
W2 − 2λZ +
2 X2
(
W1−X3−λY
)
X1+ξe
1 + µ X3−λY(
X1+ξe
)2
+λZ,
✷✯✘
X1 + ξe>0, ❑
✺✧❡✧▲
F3(X,Y, Z,W ) = λZ,
✷✮✘
X1 + ξe ≤ 0, ❑
✺
❢
▲
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❵
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+
✷✮✘
ξ = X1 + ξe>0
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˙˜x(t) = F
(
x˜(t), x˜3(t− τ), ˙˜x3(t− τ), w(t− τ/2)
)
, ❑
✼❭♣
▲
y(t) = C x˜ = x˜3(t). ❑
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t = 0
q
W1 =
µ
2
(
X3 − λY
X1 + ξe
)2
+X3 + λY,
◗ ✔
X1 + ξe > 0,
X3 = λY,
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˙ˆx(t) = F
(
xˆ(t), xˆ3(t− τ), ˙ˆx3(t−τ), w(t− τ/2)
)
−Λ1
(
y(t)− yˆ(t)
)
− Λ2
(
y(t−τ)− yˆ(t−τ)
)
, ❑
✼✬❾
▲
✳
❺✣✿❖✶✸✿
Λ1
❉➾❇✣❁
Λ2
❉✻✶✾✿
3× 1
✹✒❉➾✷✺❇➁→❼❉➾✼✸✶✸✷✽❹❊✿❊➣
✪
✂✡✁ ✓ ★ ✔ ✮ ★ ✆ ★✄✂ ✮ ✖ ✮ ✆✟✆ ✍ ✆ ✮✆☎ ✠ ★ ✞✩★ ✍ ✔
❥❾✿❞✼
e
❁✣✿❊❇✜■✻✼❀✿ ✼❀❺✣✿⑩✿❖➣✾✼❀✷✽→➡❉●✼❀✷✽■▼❇➒✿❖✶✸✶✸■✻✶➔❑▼✿❖❹❖✼❀■✻✶✂❱
e = x− xˆ. ❑
✼
✺❭▲
➓➔❺✣✿➔→❼❉➾✼❀✶✾✷✺❹❊✿❖➣
Λ1
❉✻❇✣❁
Λ2
✳
✷✺◆✽◆ ✢❪✿➔❹✦❺✣■▼➣✾✿❊❇③➣✭✚✣❹✦❺➀✼❀❺✣❉➾✼✌✼❀❺✜✿ ✘ ■▼◆✽◆✺■
✳
✷✽❇✣✹✫◆✽✷✺❇✣✿❊❉✻✶✸✷✭✛❖✿❊❁➝❁✵✔✘❇❢❉➾→❼✷✽❹⑥❉✻◆☞✿✒✽✕✚❢❉➾✼❀✷✽■▼❇
■✙✘ ✼❀❺✣✿⑩✿❖➣✾✼❀✷✽→➡❉●✼❀✷✽■▼❇➒✿❖✶✸✶✾■▼✶✝✷✽➣➔◆✺■✘❹⑥❉➾◆✺◆✮✔➡❉✻➣❯✔☞→❀✖✜✼✸■✻✼❀✷✽❹⑥❉✻◆✽◆✮✔❼➣✾✼✦❉✱✢✣◆✺✿✍❱
e˙(t) = Â(t) e(t) + B̂(t) e3(t− τ) + Ĥ(t) e˙3(t− τ), ❑
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A(X,Y, Z,W ) =
∂F
∂X
(X,Y, Z,W ) + Λ1 C, ❑
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❍✙▲
B(X,Y, Z,W ) =
∂F
∂Y
(X,Y, Z,W ) + Λ2 [C]3, ❑
✼
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H(X,Y, Z,W ) =
∂F
∂Z
(X,Y, Z,W ). ❑
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Â(t) = A
(
xˆ(t), xˆ3(t− τ), ˙ˆx3(t−τ), w(t)
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pm > 0
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◗❚❩❬◗✇❫✸❨✻t♣✉●❨✻t ♦❢❯✦❱
(κm, κa, κk) = (1, 4, 3)
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B̂(t)
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➍✒➍
✓➀◗✺❱ ✙●❯❞❩✦❦✻➉
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❑
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Λ2 = [λ21, λ22, λ23]
T ✦
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✳
❇➋✼❀❺✣❉➾✼▼❱
B(X,Y, Z,W ) =


(1+λ)λ21
βσ1 + (1+λ)λ22
∂F3
∂Y
+ (1+λ)λ23


✳
❺✣✿❖✶✸✿✫✷➐✼ ✷✺➣✢✼✸❺✣✿❊❇➡❹❖◆✺✿⑥❉➾✶✢✼❀❺✣❉➾✼ ✼❀❺✣✿
λ2i, i = 1, · · · , 3
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✷✽➣✢✼❀❺✜✿✡❇❘✚✜◆✺◆♣→❼❉➾✼✸✶✸✷❬❊
✪
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X = xˆ(t)
q
Y = xˆ3(t− τ)
q
Z = ˙ˆx3(t−τ)
q
W = w(t− τ/2)
➉
✟ ✄ ✆✟✆✟✞ ☞ ❭✚❴❢❯✜✎③❨✻❡♠❩❬◗ ⑧
H(t) = H(x(t), x3(t− τ), x˙3(t− τ), w(t− τ/2))
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| H(t) | ≤ |λ| < 1.
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✦
✷✮✘
X3 − λY ≥ 0
✦
✼✸❺✣✿❊❇
| H(X,Y, Z,W ) |≤ |λ|
✪✶✰
❇✣❁✜✿❊✿❊❁
✦
✘ ✶✸■▼→
❑
✺✙❫●❋❉✺
❢
▲
✦
✷✽✼✬✘ ■▼◆✽◆✽■
✳
➣
Ý
✺
✼❀❺✣❉➾✼
H(X,Y, Z,W ) =
[
0, 0, H3(X,Y, Z,W )
]T
✳
✷➐✼❀❺
H3(X,Y, Z,W ) =
∂F3(X,Y, Z,W )
∂Z
= λ
1−G(X,Y, Z)
1 +G(X,Y, Z)
, ❑
✼
❡❭▲
✳
❺✣✿❖✶✸✿
G(X,Y, Z) = (X1 + ξe)
2/
(
µ(X3 − λY )
)
✷✮✘
X1 + ξe > 0 ❑
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G(X,Y, Z) = 0
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❍❏■
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✦
|1 − G(X,Y, Z)|/|1 + G(X,Y, Z)| ≤ 1
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G(X,Y, Z) ≥ 0
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X3 − λY ≥ 0
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vjet(t) ≥ 0
✪
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✦
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A(t) ≥ 0
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✳
➣✳✼❀❺❢❉●✼
p+(t) = λp+(t− τ) +A(t)Zcvjet(t) ≥ λp
+(t− τ)
✪
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X = x(t)
✦
Y = x3(t− τ)
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|λ| < 1
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|Ĥ(t)| < 1
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χ > 0
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Â(t)
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Â =


0 1 0
−(ωσˆ)2 −ασˆ 0
M̂31 M̂32 −χ


✗➸❴❢❯❞❩❀❯
σˆ =
❱❞◗➐➞✻❙
(ξe + xˆ1)
❨✻❙❪❤
M̂(t) = M
(
xˆ(t), xˆ3(t − τ), ˙ˆx3(t− τ), w(t − τ/2)
)
✗✔◗❚❡ ❴
M̂ =
∂F
∂X
(X,Y, Z,W )
➉③❭✚❴✘◗✺❱ ❫✦❴❢❦●◗✇❫✦❯ ❦ ✔
Λ1
❯❞❙✜❱❞♦✘❩❀❯✦❱✗❡❚❴✜❨✻❡
e1
❨✻❙❪❤
e2
❨✻❩❀❯⑩❤✘❯✦❫✦❦●♦
➎
t✺❯✸❤ ✔❬❩❀❦✏✎
e3 ✆
❱⑩❤✻➦●❙❪❨ ✎➟◗✇❫✦❱❊➉
✠✜✠✘✑ ✑ ✙☛✡✩✙❢✶✸■▼→
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❢
▲
✦
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Λ1 = [λ11, λ12, λ13]
T ✦
Â = M̂ + Λ1C = M̂ + (1 + λ)


0 0 λ11
0 0 λ12
0 0 λ13

 .
 ✫✿❖❇✣■✻✼❀✿
F = M̂1:2,1:2 =

 0 1
−(ωσˆ)2 −ασˆ

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Λ1 =
1
1 + λ




0
0
−χ

− M̂


0
0
1



 =


0
−βσˆ0
−χ− M̂33


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e¯ = [e1, e2]
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˙¯e = F e¯ ❑
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σ > 0
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κ > 0
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η > 0
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(
e21(t) + e
2
2(t) + e
2
3(t) +
∫ t
t−τ
e˙3
2(s)ds
)
≤
κe−ηt
(
e21(0) + e
2
2(0) + e
2
3(0) +
∫ 0
−τ
e˙3
2(s)ds
)
.
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V = C
e23
2
+Ke¯TP e¯+
∫ t
t−τ
e˙3
2(s)e−ν(t−s)ds. ❑
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✦
e˙(t) = Â(t) e(t) + B̂(t) e3(t− τ) + Ĥ(t) e˙3(t− τ)
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Â
✷✽➣ ✹▼✷➐❑▼✿❊❇⑦✷✺❇✐◆✺✿❖→❼→❼❉✸✺
✦
B̂
✷✺➣✟✛❖✿❊✶✸■✹✚✣➣✸✷✽❇✣✹➁◆✺✿❖→❼→❼❉
Ý
❉✻❇✣❁
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C = 2χ
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V˙ = T1 + T2 + T3 ❑
❍
❾
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Ý
❍
✳❺✣✿❖✶✸✿
T1 = −χ
2e23 − e˙3
2(t− τ)(e−ντ − Hˆ23 (t))
−K(e21 + e
2
2)
−ν
∫ t
t−τ
e˙3
2(s)e−ν(t−s)ds, ❑
❍✙✺✧▲
T2 = (Mˆ31e1 + Mˆ32e2)
2, ❑
❍
✼
▲
T3 = 2Hˆ3(Mˆ31e1e˙3(t− τ) + Mˆ32e2e˙3(t− τ)), ❑
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Mˆ31
❉✻❇✣❁
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❱
T3 ≤
1
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(e21 + e
2
2) +R1ǫ e˙3
2(t− τ) ❑
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T2 ≤ R2(e
2
1 + e
2
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(e−ντ −
Hˆ23 (t)) ≥ e
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τ ∈ [0, 2L/c]
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V˙ ≤ −χ2e23 − δe˙3
2(t− τ)
−(K −R2)(e
2
1 + e
2
2)
+
1
ǫ
(e21 + e
2
2) +R1ǫe˙3
2(t− τ)
−ν
∫ t
t−τ
e˙3
2(s)e−ν(t−s)ds. ❑
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ǫ =
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2R1
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V˙ ≤ −χ2e23 −
δ
2
e˙3
2(t− τ)
−(K −R2 −
2R1
δ
)(e21 + e
2
2)
−ν
∫ t
t−τ
e˙3
2(s)e−ν(t−s)ds. ❑
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✰
❇✵✘♠❉✻❇✒✼❀✿◆✤
❾☞❾✩★
✘ ■▼✶⑩→➡❉●✼❀✶✸✷❬❊✐❁✜✷✯❖❝✿❊✶✸✿❖❇✣❹❊✿③❁✣✷✯❖❝✿❊✶✾✿❊❇✒✼❀✷➩❉➾◆✔✿✒✽✕✚❢❉➾✼❀✷✽■▼❇✣➣ ❉➾❇✣❁➆❉➾◆✺➣✾■♦✢✕✔ ❻❛■▼✶✾■▼❇ ✤
❾
✺
★
✼✸■❸➣✩✼✦❉✙✢✣✷✽◆✺✷✭✛❖✿
✼❀❺✜✿ ✥ ✚✜◆✺✿❊✶➝✿✂✽✕✚❢❉●✼❀✷✺■✻❇✥■✙✘❏✷✺❇✜❹❊■▼→❀✖✣✶✸✿❖➣✸➣✾✷✾✢✣◆✽✿   ✚✣✷✺❁✜➣
✪
❷❸■▼✶✸✿➒✶✾✿❊❹❖✿❊❇☎✼✸◆✯✔
✦
✷✽✼➝❺❢❉✻➣➀❉➾◆✺➣✸■✗✢❪✿❊✿❊❇ ✚✜➣✸✿❊❁❂✘ ■▼✶ ◆✺✷✺❇✘❋
✿⑥❉➾✶✡➣✭✔✘→③→❼✿❞✼❀✶✾✷✺❹ ❺❭✔❘✖❪✿❊✶✜✢❪■✻◆✺✷✽❹ ➣❯✔✘➣✾✼❀✿❖→❼➣✛✤
❾✱✼✱★
❉✻❇✣❁♦✘ ■▼✶❏✿ ❊ ✖❪■▼❇✣✿❖❇☎✼✸✷➩❉✻◆ ➣✩✼✦❉✙✢✜✷✺◆✺✷✭✛❊❉➾✼❀✷➐■▼❇➁■✙✘✔■✻❇✣✿❞❋➇❁✣✷✺→③✿❊❇✜➣✸✷✺■✻❇❢❉✻◆
❇✣■▼❇✜◆✺✷✺❇✜✿⑥❉✻✶✴❺❭✔❘✖❪✿❊✶✜✢❪■✻◆✺✷✺❹ ➣❯✔☞➣✩✼❀✿❖→❼➣❅✤
❾
❍
✦P❾
❫
★❣✪
✧✏✁ ✄   ☞ ✌✗✓ ✍ ✆✟ ✒✠✓✄ ✞✔✁☎✄✲✌✗✓✵✆✟✄ ✍✡✄✍☛ ☛✍  ✄ ✎❈✌☛✄ ✄✲ ✒✠✓✄
♠
✢✜➣✸✿❊✶✩❑➾❉➾✼✸✷✺■▼❇➠✶✸✿❖➣✜✚✣◆➐✼❀➣❛❺❢❉➤❑▼✿❞✢❪✿❖✿❊❇✥✖❪✿❊✶✭✘ ■✻✶✸→③✿❊❁➠■▼❇➠■✧✚☞✼✣✖✲✚✜✼✸➣
y
✦
➣✸✷✽→✛✚✣◆➩❉●✼❀✿❖❁✏✚✣➣✾✷✺❇✣✹➝❉✻❇ ✥✶✚✣◆✽✿❊✶❛✿❋❊ ✖✣◆✺✷✽❹❊✷➐✼
➣✸❹✦❺✣✿❖→❼✿➁■▼❇
❑
✼❭♣
▲
✦
✼❀❺❢❉●✼③✷✽➣
✦
✚✜➣✸✷✺❇✜✹⑦✼✸❺✣✿➁✶✸✿❖❹✂✚✣✶✾➣✸✷✽❑✻✿➋✿✂✽✕✚❢❉➾✼✸✷✺■▼❇✜➣
x
(
(n + 1)T
)
= x
(
nT
)
+ Tδx(nT )
✳
✷✽✼✸❺
δx(nT ) = T F
(
x(nT ), x3
(
(n − 2N)T ), δx
(
(n − 2N)T
)
, w
(
n − N)T
))
✳
❺✣✿❊✶✾✿
T
✷✽➣✗✼❀❺✜✿
➣❀❉➾→■✖✣◆✽✷✺❇✜✹✏✖❪✿❊✶✸✷✽■✘❁
❑ T
❉✻❇✣❁❘✼❀❺✣✿➝◆✺✿❖❇✣✹✻✼❀❺
L
❉➾✶✸✿➝❹❬❺✣■✻➣✸✿❖❇➢➣✜✚✣❹✦❺⑦✼❀❺✣❉➾✼
N = τ/(2T )
✷✽➣✗✷✺❇✒✼❀✿❖✹▼✿❊✶✣▲
✪
➓ ■✹✢❪✿
→③■▼✶✸✿ ✶✾✿⑥❉✻◆✽✷✺➣✩✼❀✷✽❹
✦  
❉✙✚✜➣✸➣✸✷✺❉✻❇➁❇✣■▼✷✽➣✸✿ ➣✸✷✺✹✻❇❢❉✻◆✽➣➔❺❢❉⑥❑▼✿❝✢❪✿❖✿❊❇❳❉✻❁✜❁✣✿❊❁➁✼❀■
y
✪
t
✷✺❇✣❹❖✿➠✼❀❺✣✿➒■✧✢✣➣✾✿❊✶✾❑▼✿❖✶
❑
✼✬❾
▲ ✷✺➣➝◆✺■✘❹❊❉✻◆
✦
✼❀❺✣✿➒✷✺❇✜✷✽✼❀✷✽❉✻◆ ❹❊■▼❇✣❁✜✷✽✼❀✷✽■▼❇✣➣➝■✱✘
xˆ
→✛✚✣➣✩✼✝✢❪✿➁❹✦❺✣■▼➣✾✿❊❇ ➣✭✚✵❆③❹❊✷✽✿❊❇☎✼✸◆✯✔
❹❊◆✽■▼➣✸✿✗✼❀■➟✼❀❺✣✿ ❉✻❹❞✼✣✚❢❉➾◆✯✷✺❇✜✷✽✼❀✷✽❉✻◆❝❹❊■✻❇✣❁✣✷✽✼✸✷✺■✻❇
x(0) = 0
✪
➓➄■✗✼❀✿❊➣✩✼✔✼❀❺✣✿➔✶✾■✧✢✲✚✣➣✩✼❀❇✣✿❖➣✸➣✢■✙✘♣✼❀❺✣✷✽➣✌■✧✢✣➣✸✿❖✶✾❑▼✿❖✶
✦
➣✸✿❞❑▼✿❊✶❀❉➾◆❢❁✣✿❖❑✘✷✺❉➾✼❀✷✽■▼❇✣➣➸■▼❇➀✷✽❇✣✷✽✼✸✷✺❉✻◆☎❹❊■▼❇✣❁✜✷✽✼❀✷✽■▼❇✣➣✌❉✻❇✣❁➟➣✸✿❞❑▼✿❊✶❀❉➾◆
❇✣■▼✷✽➣✸✿ →❼✿❊❉✻➣✜✚✜✶✸✿❊→③✿❖❇☎✼❀➣✝❺❢❉⑥❑▼✿❝✢❪✿❖✿❊❇❸❹❊■✻❇✣➣✸✷✽❁✣✿❊✶✾✿❊❁
✪
✰
✼❛✷✽➣ ✷✽→■✖❪■✻✶✾✼✦❉➾❇☎✼✔✼✸■ ❇✣■✻✼✸✷✺❹❊✿➔✼❀❺❢❉●✼
✦
❁✵✚✣✿❏✼❀■ ◆✺✿❊→③→❼❉✓✺
✦
✼❀❺✣✿❏❹❬❺✣❉✻✶❀❉✻❹❞✼❀✿❖✶✸✷✺➣✩✼❀✷✽❹❏❁❢❉➾→■✖✣✷✽❇✣✹⑩■✙✘
e¯ = [e1, e2]
T
✷✺➣
α
✪
❷❸■▼✶✸✿❖■▲❑▼✿❖✶
✦
✼✸❺✣✿➀✼✸✷✺→③✿➟❹❖■▼❇✣➣✾✼❀❉✻❇☎✼ ■✙✘✳✼❀❺✣✿➀■✧✢✣➣✾✿❊✶✾❑▼✿❖✶ ✷✺➣ ✹▼■▲❑▼✿❖✶✸❇✣✿❖❁ ✢❭✔
α
❉✻❇✣❁
χ
✪
➓➔❺✣✿❼❉✻✶✭✢✣✷✽✼✸✶❀❉✻✶❯✔
❁❢❉✻→❀✖✣✷✽❇✣✹➠❹❖■✘✿✒❆③❹❊✷✽✿❊❇☎✼
χ
✷✽❇
Â
❹⑥❉✻❇❪✢❪✿✍✖✣✶✾✿✒✘ ✿❖✶✸✿❖❇☎✼❀✷✺❉✻◆✺◆✮✔➋❹❬❺✣■✻➣✸✿❖❇ ✹✻✶✸✿⑥❉●✼❀✿❊✶✫✼❀❺✣❉✻❇✐✼❀❺✜✿✛✿✵❊☞✿❊❁➢❹❖■▼❇✣➣✾✼❀❉✻❇☎✼
α
✪
✰
❇♦✖✣✶❀❉➾❹❖✼❀✷✽❹❊✿
✦
✷➐✼✝✷✽➣✝❇✣❉➾✼✣✚✣✶✸❉✻◆❄✼❀■➀❹❬❺✜■✘■▼➣✸✿
χ ≈ α ❑
■▼✶➔➣✾◆✺✷✺✹✻❺☎✼✸◆✯✔❼✹▼✶✾✿⑥❉➾✼✸✿❊✶➔✼✸❺❢❉✻❇
α
▲
✪
✙➸✷✺✹✧✚✜✶✸✿
❾
✖✣✶✾✿❊➣✾✿❊❇☎✼✸➣ ❉✸✽✕✚❢❉➾➣✸✷✌✷✺❁✜✿⑥❉✻◆➄➣✸✷➐✼✣✚❢❉➾✼✸✷✺■▼❇
✳
✷➐✼❀❺✐✷✺❇✜✷✽✼❀✷✽❉✻◆ ❹❖■▼❇✣❁✣✷➐✼❀✷✽■▼❇✣➣✫❹❖◆✺■▼➣✾✿➝✼✸■➠✼❀❺✣✿➟❉✻❹❖✼✜✚❢❉✻◆➸■▼❇✜✿❊➣
❉✻❇✣❁➁◆✽■
✳
❇✣■✻✷✺➣✸✿
✪✶✰
✼✝❹❊❉✻❇✹✢❪✿⑩➣✾✿❊✿❖❇➋✼✸❺❢❉➾✼✴✼❀❺✣✿☞✖✣✶✾■✧✖❪■▼➣✾✿❊❁➋■✧✢✜➣✸✿❊✶✩❑▼✿❊✶✝❺❢❉✻➣✝❉✛✖✣✶✾✿❖✼✸✼❇✔➠✹▼■✘■✘❁✥✢❪✿❊❺❢❉⑥❑✘✷✺■▼✶
✪
❷❸■▼✶✾✿
✖✣✶✾✿❊❹❊✷✽➣✸✿❖◆✯✔
✦
✼❀❺✣✿❛■✧✢✣➣✾✿❊✶✾❑▼✿❖✶
xˆ
❹❖■▼❇☎❑▼✿❖✶✸✹▼✿❖➣✔✶❀❉✱✖✣✷✺❁✣◆✮✔ ✼❀■
✳
❉✻✶✸❁✜➣
x
❉➾❇✣❁ ✼✸❺✣✿❛→❼✿❊❉✻➣✜✚✣✶✾✿❊→③✿❊❇✒✼✌❇✣■▼✷✺➣✾✿❛✷✺➣
✳
✿❊❉✙❨✻✿❊❇✜✿❊❁
✽✕✚✣✷✽✼✸✿
✳
✿❖◆✺◆
✪
Ý ❵
✰❇ ✙➸✷✽✹
✪
✺
✦
✷✽❇✣✷➐✼❀✷✺❉➾◆✝❹❖■▼❇✣❁✣✷➐✼❀✷✽■▼❇✣➣❼❺✣❉➤❑▼✿r✢❪✿❊✿❊❇ ❹✦❺✣■▼➣✾✿❊❇ ✽✕✚✣✷✽✼✸✿◆✘♠❉✻✶❀✘ ✶✸■✻→ ✼❀❺✣✿❳✶✸✿❊❉✻◆✡■✻❇✣✿❊➣✒❱⑦✼✸❺✣✿❳✿❊✶✸✶✾■▼✶
❑ p+(0) − pˆ+(0)
▲⑩✷✺➣ ❉✙✢❪■✧✚✜✼
20%
■✱✘✴✼❀❺✣✿➡→③■✧✚☞✼❀❺ ✖✜✶✸✿❊➣✾➣✜✚✣✶✾✿
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✪
➓➔❺✣✿➠■✙✢✜✼✦❉➾✷✺❇✣✿❖❁❂✶✸✿❖➣✜✚✣◆➐✼❀➣ ➣✾❺✣■
✳
✼❀❺✣❉➾✼
✼❀❺✜✿➒✼✸✶❀❉✻❇✜➣✸✷✺✿❖❇☎✼✍✢❪✿❊❺✣❉➤❑✘✷✺■▼✶➝✷✽➣➟◆✽■▼❇✣✹▼✿❖✶ ✼✸❺❢❉✻❇✥✷✽❇ ✙➸✷✺✹
✪ ❾
❉➾➣➟✿ ❊ ✖❪✿❊❹❞✼❀✿❊❁
✦
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T
➫❊➼☎➲ ✛✑✤●✾✥➼✬✤✪✍✑✏ ➯
σnoise/pm = 0.01
✯
❾✧❵
0 0.1 0.2 0.3 0.4
−5
0
5
10
x 10
−3
0 0.1 0.2 0.3 0.4
−4
−2
0
2
4
0 0.1 0.2 0.3 0.4
−2
0
2
4
6
x 10
4
0 0.1 0.2 0.3 0.4
−2000
0
2000
4000
6000
time (s)
x
1
=
ξ
−
ξ e
 
✁ ✂
✄
☎ ✂
✆
✄
✁ ✝
✞✟
✠✟
✡
☛
☞
x
2
=
ξ˙
 
✁ ✂
✄ ✌
✟
✁ ✍
✞✂
☛ ✎
☞
x
3
=
p
+
 
✍
✏
☛ ✑
✍
✂
✡
✑
✄✒
✟
✆
✆
✏
✒
✟
☞
y
 
✡✍
✂
✆ ✎
✍
✏
☛
✄
✏
☛
☞
✺✹✍✙✷➤➽✒➚✏➯❤❵☎➳■❇❚✍✙✘✡➽✎✛➐➫❊➭✗✍✑✤⑥➼❙✤✝★➄➭✏➺☎➯❱✏✭➪☞✏✭➭✏➯✦✘ ➧ ▲ ➴✴➫❊➼☎➲✴✤✝★➄➭✭➺☎➯✚✤✪✩✬✏ ➯❀➚✗✵▲➯❀➚ ➧ ▲✟▲ ➴❁★➩➚✫✤✪✘★➭✭➺☎➯✫➼✬✤✪✍✑✏ ➪❅✤⑥➽✒➭✗✒ ➽✒➭
y
➧ ▲✇➴✻✯✿❇✌➺☎➯
✏✗✍✙✘✡➽✎✛➐➫❊➭✗✍✑✤⑥➼✬✏✗➫❊➚✏➯✥✒✜➯❀➚ ★❺✤⑥➚✗✘⑩➯✦➲✂★✽✤⑥➚❏➭✭➺☎➯✚★✽✤✪✛✙✛✑✤●✾❀✍ ➼✎✷❅✒✘➫❊➚✩➫✝✘⑩➯❀➭✏➯❀➚✫✏❬➳
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L = 1
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1.5e4Pa
✔
ω = 535s−1
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αo = 1.1α
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ω = 1.1ωo
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